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The rotation of polarization occurs for light interacting with chiral materials. It requires the light
states with opposite chiralities interact differently with the materials. We demonstrate analogous
rotation of polarization also exists for chiral fermions interacting with quantum electrodynamics
plasma with vorticity using chiral kinetic theory. We find that the rotation of polarization is per-
pendicular both to vorticity and fermion momentum. The same conclusion holds for chiral fermions
in quantum chromodynamics plasma with vorticity.
Introduction
It is known that polarized light interacting with
stereoisomers can lead to rotation of polarization [1]. The
polarization rotation effect has received much attention
in different fields including optics [2], condensed matter
physics [3], cosmology [4] etc. The mechanism of rota-
tion of polarization is that light with opposite circular
polarizations interact differently with the chiral materi-
als, leading to circular birefringence. The polarization
dependent interaction is not particular for light. A nat-
ural question to ask is whether analogous effect exist for
chiral fermions?
In this letter, we give one such example with chi-
ral fermions interacting with polarized medium. Our
medium is polarized by vorticity of fluid. In the ab-
sence of interaction, it is known that spin polarization of
fermions tends to develop a component parallel to vortic-
ity by spin-orbit coupling. When interaction is present,
we will show the spin polarization has an additional com-
ponent perpendicular to both vorticity and momentum
of the fermion:
∆Pi ∼ ijkωjpk, (1)
with ∆P, ω and p being additional polarization compo-
nent, vorticity and fermion momentum respectively.
Kinetic theory for chiral fermions
We illustrate study this effect in weakly coupled quan-
tum electrodynamics (QED) plasma using kinetic theory.
We will comment on generalization to QCD plasma later.
While the spin averaged kinetic theory has been widely
used in describing transport coefficients of weakly cou-
pled plasma [5–8], its construction limits its application
in spin dependent phenomenon, such as chiral magnetic
effect [9–12] and chiral vortical effect [13–17]. Spin de-
pendent kinetic theory has been developed in recent years
under the names of chiral kinetic theory [18–31] and spin
kinetic theory [32–38], in which a scalar-like distribution
function is used. In this paper, we retain the spinor struc-
ture and work with spinor equations. We start with the
Kadanoff-Baym equation (KBE) [5]
i
2
/DS<(X,P ) + /PS<(X,P ) =
i
2
(
Σ>(X,P )S<(X,P )− Σ<(X,P )S>(X,P )) , (2)
where /D = /∂X + ie /A. S
</> are the Wigner transform of
the off-equilibrium lesser and greater fermion correlators
[39]
S>αβ(X,P ) =
∫
d4(x− y)eiP ·(x−y)〈ψα(x)ψ¯β(y)〉,
S<αβ(X,P ) = −
∫
d4(x− y)eiP ·(x−y)〈ψ¯β(y)ψα(x)〉, (3)
with X = x+y2 and similarly Σ
</> for lesser and greater
self-energy correlators. To isolate the effect of vorticity,
we restrict ourselves to neutral plasma without external
electromagnetic field. This prevents induction of mag-
netic field by charged current. With this simplification,
the covariant derivative reduces to partial derivative.
In the absence of collisional term on the right hand
side (RHS), (2) is easily solved in a gradient expansion
assuming P  ∂X . Denoting zeroth order and first order
solutions by S<(0) and S<(1), we obtain the following
equation
i
2
/∂S<(0) + /PS<(1) = 0. (4)
The zeroth order solution S<(0) is given by propagator
in local equilibrium with vortical fluid
S<(0) = −(2pi)/Pδ(P 2)(P · u(X))f(P · u), (5)
with u being the fluid velocity and f being Fermi-Dirac
distribution function. (4) can be solved by [40, 41]
S<(1) = −(2pi)1
2
/˜Pγ5δ(P 2)(P · u(X))f ′(P · u), (6)
with P˜µ = P
λΩ˜λµ and Ω˜
µν = 12
µνρσ∂ρuσ. Ω˜
µν can
be decomposed into vorticity ωµ = 12
µνρσuν∂ρuσ and
acceleration εµ = 12u
λ∂λu
µ as
Ω˜µν = ωµuν − ωνuµ + µνρσερuσ. (7)
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2We restrict ourselves to the case with only static vorticity
in the local rest frame of the fluid. In this case, /∂ = γi∂i
in (2). (6) is the off-equilibrium correction to propagator
due to fluid vorticity. The factor δ(P 2) indicates that
the on-shell condition is not changed. We can infer the
change of polarization due to vorticity. In local rest frame
of the fluid, the unintegrated polarization is given by
Pi(X, ~p) =
∫
dp0
2pi
trγiγ5S<. (8)
(5) corresponds to an unpolarized fluid. (6) leads to a net
polarization along the vorticity: Pi ∼ f ′(p)ωi for both
fermions and antifermions in neutral fluid.
Now we turn to the collisional term on the RHS. Recent
works incorporating collisional term in spin-dependent
theories include [35, 42–44]. We use the following repre-
sentation for the fermion self-energy [45]
Σ>(X,P ) = e2
∫
Q
γµS>(X,P +Q)γνD<νµ(X,Q)
' −e2
∫
Q
γµS>(P +Q)γνDRνα(Q)Π
αβ<(Q)DAβµ(Q),
(9)
with
∫
Q
≡ ∫ d4Q(2pi)4 . We have suppressed the dependence
on X in S>, DR/A and Π< in the last line for notational
simplicity. The representation is valid off-equilibrium,
with the second equality holds to the leading order in
gradient expansion, which requires Q  ∂X . A similar
representation exists for Σ<(X,P ) with the exchange of
< and > in (9). The off-equilibrium photon self-energy
Παβ can be expressed in terms of fermion propagators as
follows
Παβ<(X,Q) = e2
∫
K
tr
[
γαS<(X,K +Q)γβS>(X,K)
]
.
(10)
In general, the KBE (2), and the representations for self-
energies (9) and (10) do not form a closed set of equa-
tions as they also involve photon propagators, for which
a separate kinetic theory for photons is needed. On the
other hand, it is known that the RHS contains possible
IR divergence [46–49]. If we keep only the leading IR
divergence on the RHS, the kinetic theory for photons
decouples for the following reason: we know the diver-
gence comes from Coulomb scattering with soft photon
exchange. The self-energy of soft photon Παβ as well
as propagators DRνα and D
A
βµ are entirely determined by
hard fermion, which is governed by the kinetic theory. It
will not be true if we wish to go beyond the leading IR
divergence, for which processes such as Compton scat-
tering are also needed. This would necessarily involve
kinetic theory for hard photon, which we leave for future
studies.
A further simplification can be made by noting that the
off-equilibrium correction to DRνα and D
A
βµ leads to van-
ishing collisional term by detailed balance as long as we
restrict ourselves to linear response to the vorticity. To
see that, we spell out the two terms on the RHS explicitly
with either DRνα or D
A
βµ perturbed (again suppressing X
dependence):(
Σ>(P )S<(P )
)(1)
= −e4
∫
Q,K
γµS>(0)(P +Q)γν
(DRναD
A
βµ)
(1)tr[γαS<(0)(K +Q)γβS>(0)(K)]S<(0)(P ),(
Σ<(P )S>(P )
)(1)
= −e4
∫
Q,K
γµS<(0)(P +Q)γν
(DRναD
A
βµ)
(1)tr[γαS>(0)(K +Q)γβS<(0)(K)]S>(0)(P ).
(11)
Here the superscript (0) indicates the quantity is the un-
perturbed local equilibrium one, and the superscript (1)
indicates the quantity is perturbed by the vorticity. The
local equilibrium propagators satisfy the Kubo-Martin-
Schwinger relation:
S<(0)(X,P ) = −e−β(X)(P ·u(X))S>(0)(X,P ). (12)
Using (12), we can easily show the RHS vanishes indepen-
dent of the value of (DRναD
A
βµ)
(1). Below we will simply
take the local equilibrium value of DRνα and D
A
βµ.
Probe fermions in vortical fluid
Now we introduce probe fermions as a perturbation to
the vortical fluid and study its spin polarization by solv-
ing the kinetic equation. We denote the perturbation to
S< and S> by ∆S< and ∆S> respectively. In the quasi-
particle approximation, we have S>(X,P )−S<(X,P ) =
ρ(X,P ) = 2pi(P · u(X))/Pδ(P 2) [5]. The RHS is the lo-
cal spectral density, which depends on local temperature
and fluid velocity only, but not on the perturbation. It
follows that ∆S>(X,P )−∆S<(X,P ) = 0. Below we will
use ∆S to denote both ∆S< and ∆S> and assume the
on-shell condition is not changed, which will be verified
by the explicit solution.
Now we work out the RHS of (2) in up to first order in
vorticity. At zeroth order, the RHS of (2) can be written
as
− i
2
e2
∫
Q
[
γµS>(0)(P +Q)γνD<(0)νµ (Q)
− γµS<(0)(P +Q)γνD>(0)νµ (Q)
]
∆S(P ). (13)
Note that the leading IR divergence comes from ex-
change of soft photon with Q  P ∼ T . We can
then approximate the equilibrium photon propagators as
D<νµ(Q) ' D<νµ(Q) = TQ·u (uµuνρL + PTµνρT ). We have
used Coulomb gauge for the photon propagators, with
uµuν and P
T
µν being the longitudinal and transverse pro-
jection operators, and ρL/T being longitudinal and trans-
verse spectral densities. We can then simplify the RHS
3as
− i
2
e2
∫
Q
T
Q · uγ
µρ(P +Q)γνD<(0)νµ (Q)∆S(P ), (14)
with
ρ(P +Q) ' 2pi(P · u)/Pδ(2P ·Q). (15)
We have used Q P and ∆S ∝ δ(P 2) in arriving at the
above. Contracting the gamma matrices using
γµγλγν = gµλγν − gµνγλ + gµλγν + iµλνσγσγ5, (16)
we obtain in local rest frame of the plasma
− i
2
e2
∫
Q
T
q0
(
2p0
q2
(Q2γ0 − q0 /Q)ρT + 2p0γ0ρL
)
(17)
× δ(2P ·Q)∆S(P )
Defining angular variables with respect to pˆ to write
∫
Q
=∫
dq0q
2dqd cos θdφ
(2pi)4 and δ(2P ·Q) = δ(2p0q0 − 2pq cos θ), we
can perform the angular integration to obtain
− i
2
e2p0γ
0
∫
dq0q
2dq
(2pi)2
(p0)
pq
T
q0
(
q20 − q2
q2
ρT − ρL
)
∆S(P )
= − i
2
e2γ0
∫
dq0qdq
(2pi)2
T
q0
(
q20 − q2
q2
ρT − ρL
)
∆S(P ),
(18)
where we have used the on-shell condition δ(P 2) in the
second equality. We have also dropped the term pro-
portional to /Q upon integration of q0 because ρT/L are
odd function of q0. The q0 integral can be performed
by using the sum rule [50], but it is not necessary as we
only need the leading divergence. Note that the longitu-
dinal and transverse components correspond to electric
and magnetic interactions respectively. The former is
dynamically screened by the plasma giving finite contri-
bution and the latter is not fully screened. The leading
divergence is from the kinematic regime q0  q. We can
approximate the retarded soft transverse correlator ∆T
and spectral density as [51].
∆T (q0  q) ' 1
q2 − i(piq0/4q)m2D
,
ρT ' 2Im∆T = 1
q4 + (piq0/4q)2m4D
(piq0/2q)m
2
D. (19)
Keeping only the leading divergence, we obtain from (18)
− i
2
γ0
e2T
2pi
ln
mD
µ
∆S ≡ −iγ0Γ0∆S. (20)
Here µ is an IR cutoff of momentum q. A resummation
can be used to render the result finite [47]. We will not
attempt it here as the IR regularized result is sufficient to
illustrate the effect we are after. Clearly the zeroth order
contribution (20) is independent of the spin as expected.
Now we turn to first order vortical correction to the
collisional term, for which spin-dependent kinetic the-
ory must be used. We first derive vortical correction to
the collisional term (13), which can enter either through
S>/< or D
</>
νµ . The former and the latter can be re-
garded as vortical correction to fermion and photon in
the fermion self-energy loop respectively, or in language
of kinetic theory, the former corresponds to the final state
of the probe fermion and the latter corresponds to initial
and final state of the medium fermion. We will show that
the former vanishes identically and the latter give similar
type of divergence as (20).
Let us work out the basic elements we need. We al-
ready have S<(1). We can solve for S>(1) from the fol-
lowing collisionless kinetic theory for S>
i
2
/∂S> + /PS> = 0, (21)
with the zeroth order solution S>(0) = −(2pi)/Pδ(P 2)(P ·
u)(f(P ·u)−1). Since S< and S> satisfy the same equa-
tion and the zeroth order solutions are related by the
replacement f → f − 1, we easily obtain S>(1) = S<(1)
by analogy of (6). We now work out the vortical cor-
rection to the photon propagator D
<(1)
νµ (D
>(1)
νµ ). As we
already show before, vortical correction to DRνα and D
A
βµ
are not relevant as they lead to vanishing collisional term,
thus we only need to consider vortical correction to self-
energy:
D<(1)νµ (Q) ' −
(
DRνα(Q)Π
αβ<(Q)DAβµ(Q)
)(1)
= −DRνα(Q)Παβ<(1)(Q)DAβµ(Q). (22)
Παβ<(1) is easily constructed using S< and S> as
Παβ<(1)(Q) = e2
∫
K
tr
[
γαS<(1)(K +Q)γβS>(0)(K)
+ γαS<(0)(K +Q)γβS>(1)(K)
]
. (23)
Using (5) and (6), we obtain
Παβ<(1)(Q) ' 2i(2pi)2e2ανβλ
∫
K
KµΩ˜µνKλδ(K
2)δ(2K ·Q)
f ′(K · u), (24)
where we have used for soft photon momentum Q K,
((K +Q) · u) ' (K · u) and δ((K +Q)2) ' δ(2K ·Q).
Note that Παβ<(1) is antisymmetric in the indices. We
can now work out Παβ<(1) in a fluid with vorticity but
no acceleration, i.e. Ω˜λρ = ωλuρ − ωρuλ. It is easier to
work in the local rest frame of the fluid and define angular
variables with respect to qˆ to write
∫
K
=
∫
dk0k
2dkd cos θdφ
(2pi)4
and δ(2K ·Q) = δ(2k0q0 − 2kq cos θ) = δ(2k0q0 − 2k‖q).
Using rotational symmetry in the transverse plane with
4respect to qˆ, we obtain the following nonvanishing com-
ponents for the vortical correction to the self-energy
Παβ<(1) = −−ie
2
4piq
χ
(
−ijkqˆkqˆ · ωq
2
0
q2
+
1
2
ijkωk
q20 + q
2
q2
)
,
Π0i<(1) = −−ie
2
4piq
χ
(
−(qˆω)i q0
q
)
, (25)
with χ = − ∫ dkk2∑k0=±k f ′(k0) = pi2T 23 and (qˆω)i ≡
ijkqˆjωk. Note that Π
αβ<(1) ∼ O(1/q). This is remi-
niscent of Bose-enhancement in Παβ<(0). The counter-
part of Παβ>(1) can be obtained by the exchange of >
and <, which leads to Παβ>(1) = −Παβ<(1), and thus
D
<(1)
νµ = −D>(1)νµ .
The properties D
<(1)
νµ = −D>(1)νµ and S>(1) = S<(1)
allow us to simplify the vortical correction to RHS of (2)
as
i
2
e2
∫
Q
[
γµS(1)(P +Q)γνρνµ(Q)− γµ(
S<(P +Q) + S>(P +Q)
)
γνD<(1)νµ
]
∆S(X,P ). (26)
The two terms correspond to vortical correction to final
state of the probe fermion and to initial and final state
of the medium fermion. Let us first show the former
contribution vanishes. To see that, we first perform the
contraction of indices to obtain
γµS(1)(P +Q)γνρνµ(Q) = − /˜PρL + 2P˜0γ0ρL
− 2P˜0
q2
(Q2γ0 − q0 /Q)ρT − 2P˜ ·Q
q2
(
/Q− q0γ0
)
ρT . (27)
To proceed, we again write
∫
Q
=
∫
dq0q
2dqd cos θdφ
(2pi)4 and
δ(2P · Q) = δ(2p0q0 − 2pq cos θ) = δ(2p0q0 − 2pq‖). For
the terms proportional to ρL, the angular integration is
trivial. These term vanish by integration of q0 because
ρL(q0) is odd in q0. The term proportional to γ
0 in the
first bracket of ρT vanishes for the same reason. For the
second term, we expand /Q as
/Q = γ0q0 − γ‖q‖ − ~γ⊥ · ~q⊥ = γ0q0 − γ‖q0p0/p− ~γ⊥ · ~q⊥.
(28)
Combining with the q0 outside, we find the integrand is
either odd in q0 or in ~q⊥, which vanishes upon integration
of q0 or φ. The second bracket is a little complicated due
to P˜ ·Q, which is evaluated as
P˜ ·Q = −~p · ~ωq0 + ~q · ~ωp0. (29)
It is useful to decompose three momenta into components
longitudinal and transverse to pˆ: ~q = q‖pˆ+~q⊥, ~ω = ω‖pˆ+
~ω⊥. Plugging (28) and (29) into the second term, we
again find the integrand is either odd in q0 or in ~q⊥, thus
vanishes upon integration of q0 or φ. Therefore vortical
correction to final state of the probe fermion vanishes.
It is due to the special kinematics Q  P that leads to
the factorized dependence on longitudinal and transverse
momentum.
Now we move on to vortical correction to medium
fermions. Using (25) and the following representation
for DRµν and D
A
µν in Coulomb gauge:
DRµν = uµuν∆L + P
T
µν∆T , D
A
µν = D
R
µν
∗, (30)
we obtain the following components of photon correlator
relevant in our case
PTikΠ
kl<(1)PTlj =
−ie2
4piq
χ
[− ijkqˆkqˆ · ~ω q20
q2
+
1
2
ijkωk
q20 + q
2
q2
−
(
−1
2
qˆi(qˆω)j +
1
2
qˆj(qˆω)i
)]
,
Π0l<(1)PTli =
−ie2
4piq
χ
(
−(qˆω)i q0
q
)
. (31)
After complete angular integration in a similar way as
above, we obtain
i
2
e2
∫
Q
[− γµ (S<(P +Q) + S>(P +Q)) γνD<(1)νµ ]∆S(X,P )
' ie
4
8p
(p0)(2f(p0)− 1)χ
∫
dq0dq
(2pi)3
[ (
γiγ5p0 − γ0γ5pi
)
q20 − q2
q2
(
q20
q2
ω
‖
i +
q2 − q20
2q2
ω⊥i
)
|∆T |2
+ γiγ5
q20
q2
(
pωi − piω‖
)
(∆T∆L
∗ + ∆L∆T ∗)
]
. (32)
We are only interested in the leading divergence from
the magnetic interaction, i.e. the |∆T |2 term. Further
noting the divergence comes from the regime q0  q and
~ω⊥ · ~p = 0, we can further simplify (32) as
ie4
8p
(p0)(2f(p0)− 1)χ
∫
dq0dq
(2pi)3
[
γiγ5p0
ω⊥i
2
|∆T |2∆S
=
ie2
8p
(p0)(2f(p0)− 1) 1
2pi
γiγ5p0
ω⊥i
2
ln
mD
µ
≡ −iΓ1γkγ5p0ω⊥k ∆S, (33)
with Γ1 = − e28p(p0)(2f(p0)−1) 14pi ln mDµ . Note that Γ1 >
0 and is invariant under p0 → −p0. This is consistent
with the charge conjugation symmetry in neutral plasma.
Now we are ready to solve the full kinetic equation
with the RHS given by the sum of (20) and (32)
i
2
γ0∂t∆S +
i
2
γi∂i∆S + /P∆S = −iγ0Γ0∆S − iΓ1ω⊥i γiγ5p0∆S.
(34)
We have splitted /∂ into temporal and spatial parts, with
vortical correction to the LHS entering only through the
spatial parts. In the absence of vortical correction, (34)
adopts the following solution
∆S0 = e
−2Γ0t(−2pi) (fV /P + fAγ5 /P ) (p0)δ(P 2). (35)
5(35) generalizes (5) by including an axial component.
Here fV and fA can be functions of p0, the energy in lo-
cal rest frame of the fluid. The exponential factor e−2Γ0t
indicates damping of probe fermion due to collision with
medium fermions. The vortical correction to ∆S can
be splitted into two parts ∆S1 and ∆S2, which are re-
sponses to vortical correction to LHS and RHS of (34)
respectively, satisfying
i
2
γ0∂t∆S1 +
i
2
γi∂i∆S0 + /P∆S1 = −iγ0Γ0∆S1,
i
2
γ0∂t∆S2 + /P∆S2 = −iγ0Γ0∆S2 − iΓ1ω⊥i γiγ5p0∆S0.
(36)
The solution to the first equation of (36) is a simple gen-
eralization of (6)
∆S1 = e
−2Γ0t(−2pi)
(
1
2
f ′V /˜Pγ
5 − 1
2
f ′A /˜P
)
(p0)δ(P
2).
(37)
We use the following ansatz for the second equation of
(36): ∆S2 = e
−2Γ0t(−2pi) ( /V + γ5 /A) (p0)δ(P 2). Trac-
ing the equation with and without γ5 and using ω⊥ ·P =
0, we obtain P ·V = P ·A = 0. This allows us to replace
γνγρ → γνρ in the second equation of (36) to arrive at
PνVργ
νρ − Pνγ5Aργνρ = −iΓ1p0ω⊥ν Pργνρ(fV − fAγ5)γ5.
(38)
Using γνρ = i2
νραβγαβγ
5, we obtain the equations for
components of Vµ and Aµ:
P [αV β] =
1
2
Γ1p0ω
⊥
ν Pρ
νραβfV ,
P [αAβ] =
1
2
Γ1p0ω
⊥
ν Pρ
νραβfA. (39)
It can be solved by
V µ = −Γ1µνρσω⊥ν PρuσfV , Aµ = −Γ1µνρσω⊥ν PρuσfA.
(40)
For the purpose of illustrating spin polarization, we
switch to left/right basis defined by fL = fV − fA and
fR = fV + fA and list the complete solution as follows
∆S = e−2Γ0t(−2pi)(p0)δ(P 2)×[
fL
1− γ5
2
/P + f ′L
1− γ5
2
/˜P
2
− fLΓ1µνρσγµων⊥P ρuσ
1− γ5
2
+fR
1 + γ5
2
/P − f ′R
1 + γ5
2
/˜P
2
− fRΓ1µνρσγµων⊥P ρuσ
1 + γ5
2
]
.
(41)
The corresponding spin polarization is given by
Pi = e−2Γ0t
∑
p0=±p
×
[− fL (p0)pi
p
− f ′L
ωi
2
− fLΓ1 (p0)
ijkωjpk
p
+ fR
(p0)pi
p
− f ′R
ωi
2
+ fRΓ1
(p0)
ijkωjpk
p
]
. (42)
We can group the left-handed and right-handed terms in
the bracket into three columns, which have clear inter-
pretations: the first column corresponds to spin polar-
ization parallels and anti-parallels with momentum for
right/left handed fermions; the second column shows the
contribution to spin polarization along vorticity due to
spin-vorticity coupling; the third column is the new con-
tribution to spin polarization perpendicular to both vor-
ticity and momentum. This is a new effect due to inter-
action among probe fermions and medium fermions. The
effect is opposite for left and right-handed fermions.
Conclusions and Outlook
We have found a new contribution to spin polarization
due to interaction of chiral fermion with medium polar-
ized by fluid vorticity. This is analogous to rotation of
polarization in light interacting with polarized medium.
We have considered the leading IR divergent part to the
new contribution coming from Coulomb scattering be-
tween probe fermions and medium fermions. The ef-
fect could arise due to vortical correction of final state
of probe fermions or the counterpart of initial and final
state of medium fermions. We found the former contri-
bution vanishes kinematically.
While we illustrate the effect using QED plasma, it is
readily generalizable to QCD plasma, for which a signif-
icant vorticity may be generated in off-central heavy ion
collisions [52]. There the only contribution to leading
divergence is still from Coulomb scattering. The deriva-
tion in QCD parallels to that of QED, with Γ1 replaced
by − g2Nc8p (p0)(2f(p0) − 1) 14pi ln mDµ and the IR cutoff µ
replaced by nonperturbative magnetic scale g2T .
The effect we found is opposite for left and right-
handed fermions, which cancels out in unpolarized probe
fermions. Observation of this effect might be possible in
polarized probe fermions. It is also desirable to generalize
the current study to the case of massive fermions, where
connection to spin polarization in heavy ion collisions
can be made [53]. We wish to report more quantitative
studies in future works.
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